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Abstract 

Let (B,Xt,ip) be a C*-dynamical system where (A t : t 6 2T+) be a semi- 
group of injective endomorphism and if) be an (X t ) invariant state on the C* 
subalgebra B and IT + is either non-negative integers or real numbers. The 
central aim of this exposition is to find a useful criteria for the inductive limit 
state B — > Xt B canonically associated with ijj to be pure. We achieve this by 
exploring the minimal weak forward and backward Markov processes associ- 
ated with the Markov semigroup on the corner von-Neumann algebra of the 
support projection of the state ip to prove that Kolmogorov's property [Mo2] 
of the Markov semigroup is a sufficient condition for the inductive state to 
be pure. As an application of this criteria we find a sufficient condition for a 
translation invariant factor state on a one dimensional quantum spin chain to 
be pure. This criteria in a sense complements criteria obtained in [B JKW,Mo2] 
as we could go beyond lattice symmetric states. 
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1 Introduction: 

Let t — (r t , t > 0) be a semigroup of identity preserving completely positive 
maps [Dal,Da2,BR] on a von-Neumann algebra Aq acting on a Hilbert space 
Tio, where either the parameter t G R+, the set of positive real numbers or 
t G Z + , the set of positive integers. We assume further that the map r f is 
normal for each t > and the map t — > r t (x) is weak* continuous for each 
x G Aq. 

We say a projection p G Aq is sub-harmonic and harmonic if r t (p) > p 
and Tt(p) = p for all t > respectively. For a sub-harmonic projection p, we 
define the reduced quantum dynamical semigroup (rf) on the von-Neumann 
algebra pAop by rf (x) = pr t (x)p where t > and x G ^4q- 1 i s an upper 
bound for the increasing positive operators r t (p), t > 0. Thus there exists an 
operator < y < 1 so that y = s.lim^ooT^p). A normal state O is called 
invariant for (r t ) if 4> T t (x) = <f>o(x) for all x G ^4o an d t > 0. The support p of 
a normal invariant state is a sub-harmonic projection and 0q> the restriction 
of 0o to Aq is a faithful normal invariant state for (rf). Thus asymptotic 
properties ( ergodic, mixing ) of the dynamics (yV^^o) is we U determined 
by the asymptotic properties (ergodic, mixing respectively ) of the reduced 
dynamics (AqiT?,^) provided y — 1. For more details we refer to [Mol]. 

In case O is faithful, normal and invariant for (r t ), we recall [Mol] that Q = 
{x <E Aq : f t r t (x) = x, t > 0} is von-Neumann sub-algebra of T = {x G Aq : 
Tt(^*)Tt(£) = r t (x*x), r t (x)r t (x*) = r t (xx*) vt > 0} and the equality ^ = 17 is 
a sufficient condition for O to be strong mixing for (r t ). Since the backward 
process [AM] is related with the forward process via an anti-unitary operator 
we note that 4>q is strongly mixing for (r t ) if and only if same hold for (f t ). We 
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can also check this fact by exploring faithfulness of (fio and the adjoint relation 
[OP]. Thus C C Q C T and equality C = Q is also a sufficient condition for 
strong mixing where T and Q are von- Neumann algebras associated with (f t ). 
Thus we find two competing criteria for strong mixing. However it is straight 
forward whether T = T or Q = Q. Since given a dynamics it is difficult to 
describe (f t ) explicitly and thus this criterion Q = C is rather non-transparent. 
We prove in section 2 that Q = {x e T : r t a s (x) = a s T t (x), V£ > 0. s G i?} 
where a = (a s : s G i?) is the Tomita's modular auto-morphism group [BR,OP] 
associated with </> . So Q is the maximal von-Neumann sub-algebra of Ao, where 
(r t ) is an *-endomorphism [Ar], invariant by the modular auto-morphism group 
(cr s ). Moreover a s {Q) = Q for all s ER and f t {Q) = Q for all t > 0. Thus by a 
theorem of Takesaki [OP], there exists a norm one projection Eg from .Ao onto 
Q which preserves 4> i.e. (f) E = cf> . Exploring the fact that f t {Q) = Q, we 
also conclude that the conditional expectation Eg commutes with (r t ). This 
enables us to prove that (Ao, Tt, (fio) is ergodic (strongly mixing) if and only if 
(Q , r t , (f) ) is ergodic (strongly mixing). Though T t {Q) C Q for all t > 0, equality 
may not hold in general. However we have 

t>0 t>0 

where Q = {x e Ao '■ T t (f t (x)) = x, t > 0}. Q = Q holds if and only if 
Tt(G) = G, T t (G) = G for all t > 0. Thus ^ = C\t>o T t(G) is the maximal 
von-Neumann sub-algebra invariant by the modular automorphism so that 
(Go, T t,4>o) is an *— automorphisms with (Go,f t ,(f>o) as it's inverse dynamics. 
Once more there exists a conditional expectation Eg : Ao — > Ao onto ^ 
commuting with (r t ). This ensures that (Ao, Tt, 4>o) is ergodic (strongly mixing) 
if and only if (Q , r t , <po) is ergodic (strongly mixing). It is clear now that 
Go = Go, thus Go — -C) a criterion for strong mixing, is symmetric or time- 
reversible. As an application in classical probability we can find an easy criteria 
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for a stochastically complete Brownian flows [Mo5] on a Riemannian manifold 
driven by a family of complete vector fields to be strong mixing. 

Exploring the criterion Q = C we also prove that for a type-I factor Ao 
with center completely atomic, strong mixing is equivalent to ergodicity when 
the time variable is continuous i.e. R + (Theorem 3.4). This result in particular 
extends a result proved by Arveson [Ar] for type-I finite factor. In general, 
for discreet time dynamics (Ao, r, 4> ), ergodicity does not imply strong mixing 
property (not a surprise fact since we have many classical cases). We also prove 
that r on a type-I von-Neumann algebra Ao with completely atomic center is 
strong mixing if and only if it is ergodic and the point spectrum of r in the 
unit circle i.e. {w G S 1 : r{x) = wx for some non zero x G Ao} is trivial. 
The last result in a sense gives a direct proof of a result obtained in section 7 
of [BJKW] without being involved with Popescu dilation. 

In section 3 we consider the unique up to isomorphism minimal forward 
weak Markov [AM,Mol,Mo4] stationary process {jt(x), t G JT, x G A } asso- 
ciated with (Ao,T t , <f>o). We set a family of isomorphic von-Neumann algebras 
{A[ t : t G IT} generated by the forward process so that A[ t C A[ s whenever 
s < t. In this framework we construct a unique modulo unitary equivalence 
minimal dilation (A[o,ct t , t > 0,0), where a = (a t : t > 0) is a semigroup 
of *— endomorphism on a von-Neumann algebra A[q acting on a Hilbert space 
7i[o with a normal invariant state (f> and a projection P in A[q so that 

(a) PA [0 P = tt(A))"; 

(b) Q G H[o is a unit vector so that (j)(X) =< fi, Xil >; 

(b) Pa t (X)P = n(r t (PXP)) for t > 0, X G ^ [0 ; 

(c) {a ( „(PI n P) « t3 (PA 3 F)a t2 (PA 2 P)a tl (PA 1 P)fi : < h < t 2 .. < 

t n , n > I}; X i G ^4[ } is total in 7Y[ , 
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where n is the GNS representation of Ao associated with the state 0o- in 
case 0o is also faithful, we consider the backward process ($) defined in [AM] 
associate with the KMS adjoint Markov semigroup and prove that commutant 
of A[ t is equal to A\ = {j b s {x) : x G A , s < t}" for any fix t G T. 

As an application of our result on asymptotic behavior of a Markov semi- 
group, we also study a family of endomorphism (£>, A t ) on a von-Neumann 
algebra. Following Powers [Po2] an endomorphism a t : Bq — > Bq is called shift 
if f)t>o a t(B) is trivial. In general such a shift may not admit an invariant state 
[B JP] . Here we assume that A t admits an invariant state if) and address how the 
shift property is related with Kolmogorov's property of the canonical Markov 
semigroup (Ao,T t ,if)) on the support projection on the von-Neumann algebra 
it^(B)" of the state vector state in the GNS space (H n ,n,Q) associated with 
(B,if)). As a first step here we prove that Powers's shift property is equivalent 
to Kolmogorov's property of the adjoint Markov semigroup (f t ). However in 
the last section we show that Kolmogorov's property of a Markov semigroup 
need not be equivalent to Kolmogorov's property of the KMS adjoint Markov 
semigroup. Thus Powers's shift property in general is not equivalent to Kol- 
mogorov's property of the associated Markov semigroup. 

Section 4 includes the main mathematical result by proving a criteria for 
the inductive limit state, associated with an invariant state of an injective 
endomorphism on a C* algebra, to be pure. To that end we explore the minimal 
weak Markov process associated with the reduced Markov semigroup on the 
corner algebra of the support projection and prove that the inductive limit 
state is pure if the Markov semigroup satisfies Kolmogorov's property. Further 
for a lattice symmetric factor state, Kolmogorov's property is also necessary 
for purity of the inductive limit state. 
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The last section deals with an application of our main results on translation 
invariant state on quantum spin chain. We give a simple criteria for such a 
factor state to be pure and find its relation with Kolmogorov's property. Here 
we also deal with the unique temperature state i.e. KMS state on Cuntz alge- 
bra to illustrate that Powers shift property is not equivalent to Kolmogorov's 
property of the associated canonical Markov map on the support projection. In 
fact this shows that Kolmogorov's property is an appropriate notion to describe 
purity of the inductive state. 

2 Time-reverse Markov semigroup and 
asymptotic properties: 

In this section we will deal will a von-Neumann algebra A and a completely 
positive map r or a semigroup r = (r t , t > 0} of such maps on A. We 
assume further that there exists a normal invariant state 0o for T and aim 
to investigate asymptotic properties of the Markov map. We say (^4o? r t)0o) 
is ergodic if {x : r t (x) = x, t > 0} = {zl,z G 17} and we say mixing if 
T t (x) — > 4>o(x) in the weak* topology as t — > oo for all x G Aq. 

For the time being we assume </> is faithful and recall following [OP, AM], 
the unique Markov map f on Aq which satisfies the following adjoint relation 

M°i/2(x)T(y)) = (f) (f(x)a_ 1 / 2 (y)) (2.1) 

for all x, y G Aq analytic elements for the Tomita's modular automorphism 
(a t : t G M) associated with a faithful normal invariant state for a Markov 
map r on Aq. For more details we refer to the monograph [OP]. We also quote 
now [OP, Proposition 8.4 ] the following proposition without a proof. 
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PROPOSITION 2.1: Let r be an unital completely positive normal maps 
on a von-Neumann algebra Aq and <fi be a faithful normal invariant state for 
r. Then the following conditions are equivalent for x E Aq: 

(a) r(x*x) = t(x*)t(x) and <t s (t(x)) = r(cr s (x)), V s ER; 

(b) fr(x) = x. 

Moreover r restricted to the sub-algebra {x : fr(x) = x} is an isomorphism 
onto the sub-algebra {x E Aq : rf(x) = x} where (<7 S ) be the modular auto- 
morphism on ^4 associated with (f> . 

In the following we investigate the situation further. 

PROPOSITION 2.2: Let (Ao, T t , 4>o) be a quantum dynamical system and 
4>o be faithful invariant normal state for (r t ). Then the following hold: 

(a) = {x G Aq : r t (x*x) = T t (x*)r t (x), r t (xx*) = T t (x)r t (x*), a s (r t (x)) = 
Tt{& s { x ))-, V s ER, t > 0} and Q is a = (a s : s ER) invariant and commuting 
with r = (r t : £ > 0) on Q. Moreover for all £ > 0, f t {Q) = Q and the 
conditional expectation Eg : Aq — > »4o onto ^ commutes with (r t ). 

(b) There exists a unique maximal von-Neumann algebra Qq C ^ f| ^ so that 
c<(^o) = for all £ G -R and (Qq, r t , 4>o) is an automorphism where for any £ > 0, 
f t r t = T t f t = 1 on Qq. Moreover the conditional expectation Eg : Aq ^ Aq 
onto Qq commutes with (r t ) and (f t ). 

PROOF: The first part of (a) is a trivial consequence of Proposition 2.1 once 
we note that Q is closed under the action x — > x*. For the second part we recall 
[Mol] that (j) (x*JxJ) — 4>o(T t (x*) Jr t (x) J) is monotonically increasing with £ 
and thus for any fix £ > if f t r t (x) = x then f 8 r 3 {x) = x for all < s < t. 
So the sequence Q t = {x E Aq : f t T t (x) = x} of von-Neumann sub-algebras 
decreases to Q as £ increases to oo i.e. Q = f)t>o Gt- Similarly we also have 

q = n t >oQt- 
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Since Qt monotonically decreases to Q as t increases to infinity for any 
s > we claim that t s {Q v ) = f)t>o T s(Gt)i where we have used the symbol 
A 1 = {x G A : \\x\\ = 1} for a von-Neumann algebra A. We will prove the 
non-trivial inclusion. To that end let x G V\t>o T s{Ql) i- e - f° r eacn t > there 
exists yt G Q\ so that r s (yt) = x. By weak* compactness of the unit ball of Aq, 
we extract a subsequence t n — > oo so that y tn — > y as £ n — > oo for some y G »4o- 
The von-Neumann algebras ^ being monotonically decreasing, for each m > 1 , 
2/t„ G & m for all n > m. Q tm being a von-Neumann algebra, we get y e Q tm - 
As this holds for each m > 1, we get y G Q. However by normality of the map 
t s , we also have x = T s (y). Hence x G t s {Q v ). 

Now we verify that f] s >r ^(G 1 ) = f] s >r fVo T s+t(Qt) = f) t >o C\ s > r r 8+ t{Q}) = 
f)t>r C\o<s<t r t{Ql), where we have used T t {Gl) — Q] being isomorphic. Since Q t 
are monotonically decreasing with t we also note that f)o<s<t T t(Gl) = T t(Qt)- 
Hence for any r > 

f)r a (G 1 ) = G 1 (2.2) 

s>r 

From (2.2) with r = we get Q x C r^^ 1 ) for all t > 0. For any t > we also 
have r^ 1 ) C n^t^^ 1 ) = g 1 . Hence we conclude r^ 1 ) = C? 1 for any t > 0. 
Now we can easily remove the restriction to show that T t (G) = Q for any t > 
by linearity. By symmetry f t (Q) — Q for any t > 0. 

Since £ is invariant under the modular automorphism (a s ) by a theorem 
of Takesaki [AC] there exists a norm one projection Eg : A — > ^4 with range 
equal to We claim that i?g commutes with (r t ). To that end we verify for 
any x G ^4q and y G Q the following equalities: 



< J g yJ g ujQ,Eg{T t {x))ujQ >=< J y J u , T t (x)u > 
= < J f t (y)J UJo,XUJ > = < Jgf t (y)JguJo,Eg(x)uj > 
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=< JgyJgUJo,T t (Eg(x))u; ) > 

where we used the fact that f(Q) — Q for the third equality and range of Eg 
is indeed Q is used for the last equality. This completes the proof of (a). 

Now for any s > 0, it is obvious that f s (G) Q Dt> s T s {Gt)- In the following 
we prove equality in the above relation. Let x G f]t>s^s(Gt) i- e - there exists 
elements y t G Gt so that x = f s (y t ) for all t > s. If so then we have t s (x) = y% 
for alH > s as Gt Q Gs- Thus for any t > s, y t = y s G Q and x G f s (G)- 

Now we verify the following elementary relations: f s (G) = r\t> s ^sT~t(Gt) = 
r\t>sT s T s (Tt-s(Gt))) = r\t> s i~t- s (Gt) = C\t>o T t(Gs+t) where we have used the 
fact that T t -s(Gt) Q Gs- Thus we have n s >o r s(^) ^ fl s >o^(^)- By the dual 
symmetry, we conclude the reverse inclusion and hence 

n t s (g) = n UG) (2.3) 

s>0 s>0 

We set von- Neumann algebra Go — n s >o r s(^)- Thus Go Q G and also 
Go ^ G by (2.3) and for each t > we have r t f t = f t r t = 1 on Go- Since r s {G) 
is monotonically decreasing, we also note that r t {Go) — C\ s >o T s+t{G) = Go- 
Similarly f t {Go) = Go by (2.3). That Go is invariant by the modular group a 
follows since G is invariant by a = (a t ) which is commuting with r = (r t ) on G- 
Same is also true for (f t ) by (2.3). By Takesaki's theorem [AC] once more we 
guarantee that there exists a conditional expectation Eg : Ao — > Ao with range 
equal to Go- Since f t {Go) = Go, once more by repeating the above argument we 
conclude that Eg r t = T t Eg on Aq. By symmetry of the argument, Eg is also 
commuting with f = (f t ) ■ 

We have the following reduction theorem. 

THEOREM 2.3: Let (Ao, r t , <p ) be as in Proposition 2.2. Then the follow- 
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ing statements are equivalent: 

(a) (Ao,T t ,<f> ) is mixing ( ergodic ); 

(b) (G,T t ,(j) ) is mixing ( ergodic ); 

(c) (Qo,n,(po) is mixing ( ergodic ). 

PROOF: That (a) implies (b) is obvious. By Proposition 2.2. we have 
EgT t {x) = i t Eg(x) for any x G Aq and t > 0. Fix any x G Aq. Let Xoo be any 
weak* limit point of the net r t (x) as t — > oo which is an element in Q [Mol]. In 
case (b) is true, we find that x^ — Eg(x OQ ) = (f) (Eg(x)) = </>q(x)1. Thus 4>q(x)1 
is the unique limit point, hence weak* limit of T t (x) as t — > oo is <f>o(x)l. The 
equivalence statement for ergodicity also follows along the same line since the 
conditional expectation E x on the the von-Neumann algebra X = {x : r t (x) = 
x, t > 0} commutes with (r t ) and thus satisfies .Ej-Eg = EgEx = Ej. This 
completes the proof that (a) and (b) are equivalent. That (b) and (c) are 
equivalent follows essentially along the same line since once more there exists a 
conditional expectation from Q to Qq commuting with (r t ) and any weak* limit 
point of the net r t (x) as t diverges to infinity belongs to t s (Q) for each s > 0, 
thus in Qq. We omit the details. ■ 

Now we investigate asymptotic behavior for quantum dynamical system 
dropping the assumption that 0o is faithful. Let p be the support projection 
of the normal state 0o in Aq. Thus we have (f>o(pT t (l —p)p) = for all t > 0, p 
being the support projection we have pr t (l — p)p = i.e. p is a sub-harmonic 
projection in Aq for (r t ) i.e. r t (p) > p for all t > 0. Then it is simple to 
check that (Aq, if , (j>o) is a quantum dynamical semigroup where Aq = pAop 
and if(x) = pr t (pxp)p for x G Aq and (j%(x) = 4> (pxp) is faithful on Aq. In 
Theorem 3.6 and Theorem 3.12 in [Mol] we have explored how ergodicity and 
strong mixing of the original dynamics (Ao,r t ,(pQ) can be determined by that 
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of the reduced dynamics (Aq, if, 0o)- Here we add one more result in that line 
of investigation. 

THEOREM 2.4: Let (Ao,T t ,(f>o) be a quantum dynamical systems with a 
normal invariant state O an d p be a sub-harmonic projection for (r t ). If 
s-limitt-^ooT^jo) = 1 then the following statements are equivalent: 

(a) \\4>T t — 4>o 1 1 — > as t — > oo for any normal state on on ^4 - 

(b) | |0 p rf — 0o| | ^ as t ^ oo for any normal state (ff on Aq. 

PROOF: That (a) implies (b) is trivial. For the converse we write 
I I'M - O || = sup a ..|| a .||< 1 |0r t (a;) - M x )\ < ^ {x:\\x\\<i}\<P^t{pxp) - Mp x p)\ + 
^{x:\\x\\<i}\(t>rt{pxp L )\ + sup {a ..|| a .||< 1} |0r t Or L a;p)| + sup {a ..|| a .||< 1} |0r t (p J -a;p J -)|. 
Since r t ((l — p)x) — > in the weak* topology and \<jyr t {xp 1 -)\ 2 < 
\4>T t (xx*)\4>(T t (p L ))\ < Wxy^^Ttip^) it is good enough if we verify that (a) 
is equivalent to sup/ a ..|| a .|| < u|0r t (pxp) — <fi (pxp)\ — > as t — > oo. To that end 
we first note that limsup t _ >0O sup ;r: || ;i .|| <1 |'i/ ; (T s+t (pa;p)) — <p (pxp)\ is independent 
of s > we choose. On the other hand we write r s+t (pxp) = T s (pr t (pxp)p) + 
Ts(pTt(pxp)p ± ) + T s {p- L T t (j>xp)p) +T s (p J -r t (pxp)p ± ) and use the fact for any nor- 
mal state we have limsup t _ >0O sup a ..|| a .||< 1 |^(r i (zr t (pa;p)p J -)| < ||z|| ^(r,^))! 
for all z G ^4o- Thus by our hypothesis on the support projection we conclude 
that (a) hold whenever (b) is true. ■ 

In case the time variable is continuous and the von- Neumann algebra is the 
set of bounded linear operators on a finite dimensional Hilbert space 7i , by 
exploring Lindblad's representation [Li], Arveson [Ar] shows that a quantum 
dynamical semigroup with a faithful normal invariant state is ergodic if and 
only if the dynamics is mixing. In the following we prove a more general result 
exploring the criteria that we have obtained in Theorem 2.3. Note at this 
point that we don't even need the generator of the Markov semigroup to be 
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a bounded operator for which Lindblad's representation is not yet understood 
with full generality [CE]. 

THEOREM 2.5: Let Aq be type-I with center completely atomic and (r t : 
t ER) admits a normal invariant state (f> . Then (Aq, T t, 4>o) is strong mixing if 
and only if (Aq, r t , 4>q) is ergodic. 

PROOF: We first assume that 4>q is also faithful. We will verify now the 
criteria that Qq is trivial when (r t ) is ergodic. Since Qq is invariant by the 
modular auto-morphism group associated with the faithful normal state <p , by 
a theorem of Takesaki [Ta] there exists a faithful normal norm one projection 
from .4.0 onto Qq. Now since Aq is a von- Neumann algebra of type-I with center 
completely atomic, a result of E. Stormer [So] says that Qq is also type-I with 
center completely atomic. 

Let Q be a central projection in Qq. Since r t (Q) is also a central projection 
and r t (Q) — > Q as t — > we conclude that r t (Q) = Q for all t > (center 
of Q being completely atomic and time variable t is continuous ). Hence by 
ergodicity we conclude that Q — or 1. Hence Qq can be identified with B(K) 
for a separable Hilbert space /C. Since (rt) on B(K) is an automorphism we find 
a self-adjoint operator in /C so that r t (x) = e ltH xe~ ltH for any x G £>(/C). 
Since it admits an ergodic faithful normal state, by [Fr, Mol] we conclude that 
{x G B(K) : xe ltH = e ltH x, t e R} — C, which holds if and only if K is one 
dimensional. Hence Qq = C. 

Now we deal with the general situation. Let p be the support projection of 
4> in Aq and Aq being a type-I von-Neumann algebra with centre completely 
atomic, the center of Aq = pA p being equal to the corner of the center of Aq 
i.e. pAq H A'qP, is also a type-I von-Neumann algebra with completely atomic 
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centre. (Ao,T t ,(f)o) being ergodic, we have r t (p) | 1 as t j oo in the weak* 
topology and (^4q, r f > 0o) i s ergodic. Thus by the first part of the argument, 
(Aq, rf , 0q) is strongly mixing. Hence by Theorem 3.12 in [Mol] we conclude 
that (v4.o,r t , 4>q) is also strong mixing. This completes the proof. ■ 

We end this section with another simple application of Theorem 2.3 by 
proving a result originated in [FNW1,FNW2,BJKW]. 

THEOREM 2.6: Let Aq be a type-I von-Neumann algebra with center 
completely atomic and r be a completely positive map with a faithful normal 
invariant state O . Then the following are equivalent: 

(a) (A ,T n ,4>o) is strong mixing. 

(b) (Ao,r n ,(/) ) is ergodic and {w G S 1 , t(x) = wx, for some non zerox G 
„4 } = {1}, where S 1 = {w G E : \w\ = 1}. 

PROOF: That '(a) implies (b)' is rather simple and true in general for any 
von-Neumann algebra. To that end let r(x) = wx for some x ^ and \w\ = 1. 
Then r n (x) = w n x and since the sequence w n has a limit point say z, \z\ = 1 
we conclude by strong mixing that zx = 4>q(x)I. Hence x is a scaler and thus 
x = t(x), x 7^ 0. So w = 1 and x = <po(x)I. Ergodic property also follows by 
strong mixing as x = 4>q{x)I for any x for which r(x) = x. 

Now for the converse we will use our hypothesis that </> is faithful and Aq 
is a type-I von-Neumann algebra with completely atomic. To that end we plan 
to verify that Q consists of scalers only and appeal to Theorem 2.3 for strong 
mixing. Since there exists a conditional expectation from Aq onto Go, by a The- 
orem of Stormer [So] Qq is once more a type-I von-Neumann algebra with center 
completely atomic. Let E be a non-zero atomic projection in the center of Qq. 
t being an automorphism on Q , each element in the sequence {Tk(E) : k > 0} 
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is an atomic projection in the center of Qq. If T n (E) f]r m (E) 7^ and n > m 
we find that T m (r n - m (E) f] E) ^ and thus by faithful and invariance prop- 
erty of 00) we get <j)(T n - m (E) f]E) > 0. Once more by faithfulness we find 
that T n - m (E)f]E 7^ 0. So by atomic property of E and T n - m (E) we con- 
clude that T n ^ m (E) = E. Thus either the elements in the infinite sequence 
E, t(E), r n (E).... are all mutually orthogonal or there exists a least pos- 
itive integer n > 1 so that the projections E, r(E), .., r n -\(E) are mutually 
orthogonal and r n (E) = E. However for such an infinite sequence with mutu- 
ally orthogonal projection we have 1 = <j>a{I) < 0o(Uo<n<m-i T n(E)) = m(f) (E) 
for all m > 1. Hence <po(E) = contradicting that E is non-zero and 0o is 
faithful. 

Thus for any w £ S 1 with w n = 1, we have r(x) = wx, where x = 
J2o<k<n-i wkT k(E) 7^ 0. By (b) we have w = 1. Hence n — 1. In other 
words we have t(E) = E for any atomic projection in the center of Q . Now by 
ergodicity we have E — I. Thus Q is a type-I factor say isomorphic to B(K) 
for some Hilbert space /C and t(x) = uxu* for some unitary element u in Q . 
Since (^O) r n?0o) is ergodic we have {u,u*}" = £>(/C), which holds if and only 
if /C is one dimensional ( check for an alternative proof that t{u) = u, thus 
u — I by ergodicity and thus t(x) = x for all x e £/o )■ Hence £ = -C- This 
complete the proof that (b) implies (a). ■ 



3 Minimal endomorphisms and Markov semi- 
groups : 

An E -semigroup (at) is a weak*-continuous one-parameter semigroup of unital 
*-endomorphisms on a von-Neumann algebra A acting on a Hilbert space 7i. 
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Following [Pol,Po2,Ar] we say (at) is a shift if f)t>o a t(A) = C For each 
t > 0, a t being an endomorphism, a t (A) is itself a von- Neumann algebra and 
thus fli>o a t(A) is a limit of a sequence of decreasing von- Neumann algebras. 
Exploring this property Arveson proved that (at) is pure if and only if | \i/jia t — 
fa&t 1 1 ~ as t — > oo for any two normal states tpi,^2 on A. These criteria gets 
further simplified in case (at) admits a normal invariant state ipo for which we 
have (a t ) is a shift (in his terminology it is called pure, here we prefer Powers's 
terminology as the last section will illustrate a shift need not be pure in its 
inductive limit ) if and only if \\^a t — ipo \ | — > as t — > oo for any normal state 
ip. In such a case i/jq is the unique normal invariant state. However a shift (a t ) 
in general may not admit a normal invariant state [Po2,BJP] and this issue is 
itself an interesting problem. 

One natural question that we wish to address here whether similar result 
is also true for a Markov semigroup (r t ) defined on an arbitrary von-Neumann 
algebra Aq. This issue is already investigated in [Ar] where Aq = B(H) and 
the semigroup (r t ) is assumed to be continuous in the strong operator topology. 
He explored associated minimal dilation to an E -semigroups and thus make 
possible to prove that the associated -E -semigroup is a shift if and only if 
\\4>iTt — 4>2T~t\\ — > as t — > oo for any two normal states <pi, 02 on Aq. In case 
(rt) admits a normal invariant state the criteria gets simplified once more. In 
this section we will investigate this issue further for an arbitrary von-Neumann 
algebra assuming that (r t ) is admits a normal invariant state </>o- 

To that end, we consider [Mol] the minimal stationary weak Markov for- 
ward process (H,,F t ],jt,fl, t e R) and Markov shift (St) associated with 
(Ao,r t ,4>o) and set A[ t to be the von-Neumann algebra generated by the 
family of operators {j s (x) : t < s < oo, x G Aq}. We recall that 
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j s+ t(x) = S*j s (x)St, t,s <E R and thus a t (A[o) C A[o whenever t > 0. Hence 
(ct t , t > 0) is a E -semigroup on ^4[ with a invariant normal state f2 and 

j s (T t - s (x)) = F s] a t (jt- s (x))F s] (3.1) 

for all x e A- We consider the GNS Hilbert space (7"^7T0 O j 7r</> (^o) ) <^o) as ~ 
sociated with (Ao, 4>o) and define a Markov semigroup (t£) on 7r(^4. ) by 
^(^(x)) = 7r(rt(x). Furthermore we now identify Ti^ as the subspace of 
TL by the prescription v^x)^ — > jo^)^- In such a case 7r(x) is identified as 
jo(x) and aim to verify for any t > that 

rf (PXP) = Pa t (X)P (3.2) 

for all X E A[o where P is the projection from H on the GNS space. We 
use induction on n > 1. If X = j s (x) for some s > 0, (4.2) follows 
from (4.1). Now we assume that (3.2) is true for any element of the form 
j Sl (xi)...j Sn (x n ) for any si,s 2 ,—,s n > and Xi G Ao for 1 < i < n. 
Fix any Si, s 2 , , s n , s n +i > and consider X = j sl (x 1 )...j Sn+1 (x n+1 ). Thus 
Pa t {X)P = jo(l)js 1 +t(x 1 )...j Sn+t (x n+1 )j (l). If s n+1 > s n we use (3.1) to 
conclude (3.2) by our induction hypothesis. Now suppose s n+ i < s n . In 
that case if s n _i < s n we appeal to (3.1) and induction hypothesis to verify 
(3.2) for X. Thus we are left to consider the case where s n+ i < s n < s n _i 
and by repeating this argument we are left to check only the case where 
Sn+i < s n < s n -i < .. < Si. But Si > = s thus we can appeal to (3.1) 
at the end of the string and conclude that our claim is true for all elements 
in the *— algebra generated by these elements of all order. Thus the result 
follows by von- Neumann density theorem. We also note that P — Tf(l) is a 
sub-harmonic projection [Mol] for (a t : t > 0) i.e. a t (P) > P for all t > 0. 

PROPOSITION 3.1: Let (A ,T t ,(j) ) be a quantum dynamical semigroup 
with a normal invariant state for (r t ). Then the GNS space H^, associated 



17 



with the normal state (fio on Ao can be realized as a closed subspace of a unique 
Hilbert space H[o up to isomorphism so that the following hold: 

(a) There exists a von-Neumann algebra A[ acting on H[ and a unital *- 
endomorphism (a t , t > 0) on A[o with a pure vector state <f>(X) =< Q, XQ >, 
Q G H[o invariant for (a t : t > 0). 

(b) PAP is isomorphic with 7r(^4 ) where P is the projection onto ; 

(c) Pa t (X)P = rf(PXP) for all t > and X G „4 [0 ; 

(d) The closed span generated by the vectors {a tn (PX n P)....a tl (PXiP)Q : 
< h < t 2 < .. < t k < ...i n , X 1 ,..,X n e A [0 , n > 1} is H [0 . 

PROOF: The uniqueness up to isomorphism follows from the minimality prop- 
erty (d). ■ 

Following the literature [Vi,Sa,BhP] on dilation we say (A[o, et t , (/>) is the 
minimal E -semigroup associated with (Ao, T t, <f>o)- By a theorem [Ar, Proposi- 
tion 1.1 ] we conclude that f\t>o a t(A[o) = C if and only if for any normal state 
ip on A[o, \\ipOi t — "00 1 1 — ► as t — > oo, where tpo(X) =< Q,XQ > for X G ^4o]- 
In the following proposition we explore that fact that P is a sub-harmonic 
projection for (a t ) and by our construction a t (P) = F t j j 1 as t — > oo. 

PROPOSITION 3.2: | |^a t - V>o| I -> as t -> oo for all normal state ip on 
A\o if and only if \ \(f>T t — 0o| I ~" > as £ — > oo for all normal state on 7r(^4 )") 
where 7r is the GNS space associated with (Ao, 4>o). 

PROOF: Since F s ] j 1 in strong operator topology by our construction and 
iv (Ao) is isomorphic to F jA[oF j, we get the result by a simple application of 
Theorem 2.4. ■ 

THEOREM 3.3: Let r = (r t , i > 0) be a weak* continuous Markov semi- 
group on Ao with an invariant normal state <p . Then there exists a weak* 
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continuous E -semigroup a = (a t , t > 0) on a von-Neumann algebra A[o 
acting on a Hilbert space Ti so that 

Pa t (X)P = T ?(PXP), t > 

for all X G A[o, where P is a sub-harmonic projection for (a t ) such that 
a t (P) T /. 

Moreover the following statements are equivalent: 

(a) Plt>oat{A[ ) = C 

(b) \\4>Tt — <po 1 1 — > as £ — > oo for any normal state <f> on 7r(„4. )"- 

PROOF: For convenience of notation we denote n(Ao)" as Aq in the following 
proof. That (a) and (b) are equivalent follows by a Theorem of Arveson [Ar] 
and Proposition 3.2. ■ 

Following [AM,Mol] we say (H, S t , F t ],Q) is a Kolmogorov's shift if strong 
lim t _ + „ 00 F i ] = \n >< Q\. We also recall here that Kolmogorov's shift property 
holds if and only if (f> (T t (x)r t (y)) — > <fi (x)(f) (y) as t — > oo for all x,y E Aq. In 
such a case ^4 = i3(7i) ( see the paragraph before Theorem 3.9 in [Mol] ). If O 
is faithful then Ao and tc{Aq) are isomorphic, thus f|t>o a t(A[o) =C if and only 
if | \4>T t — 0o 1 1 - ► as t — > oo for any normal state on ^4 . Such a property is 
often called strong ergodic property. Our next result says that there is a duality 
between strong ergodicity and Kolmogorov's shift property. To that end we 
recall the backward process (H, j\, F[ t , Q) as defined in [AcM,Mol] where F t ] 
be the projection on the subspace generated by the vectors {A : IR — > A : 
support of A C (— oo,t]} and for any x G Ao, jt(x) is the trivial extension of 
it's action on Ft] which takes an typical vector A to A' where A'(s) = A(s) for any 
s < t and X'(t) = A(£)<7» (x). For any analytic element x for the automorphism 
group, we check first that j\ is indeed an isometry if a; is so. Now we extend as 
analytic elements are weak* dense to all isometrics and extend by linearity to all 
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elements of Ao- We recall here that we have backward Markov property for the 
process (j b ) as F [t j b (x)F [t = j b (? t _ s (x)) for all * > s where (A, f t , t>0,<p is 
the dual Markov semigroup defined in (3.1). As in the forward process we have 
now F[ t AqF[ t = j b (A ) where for each t G IR we set Aq for the von-Neumann 
algebra {j b s {x) : s < t,x G Ao}". 

THEOREM 3.4: Let (Ao,T t ,(f>o) be a Markov semigroup with a faithful 
normal invariant state 0o- Then the following are equivalent: 

(a) (f) (? t (x)f t (y)) -> (j) (x)(j)o(y) as i -> oo for any x,y £ A . 

(b) ||0r t — 0o 1 1 - ^ as i — > oo for any normal state on ^4 . 

PROOF: For each t G i? let ^ be the von-Neumann algebra generated by the 
backward processes {^(x) : — oo < s < t} [Mol]. Assume (a). By Theorem 
3.9 and Theorem 4.1 in [Mol] we verify that weak* closure of \J teR Aq is B(H). 
Since for each t G R the commutant of A^ contains A[ t we conclude that 
C\t<EB.A[t is trivial. Hence (b) follows once we appeal to Theorem 3.3. For 
the converse, it is enough if we verify that (f) (f t (x)Jf t (y)J) — > (f) (x)(f) (y) as 
t — > oo for any x, y G Ao with y > and 0o(?/) = 1- To that end we check the 
following easy steps 4>o(ft(x)Jft(y)J) = <po{Tt{ft{x))JyJ) and for any normal 
state <p, \(f> o T t (f t (x)) - (j)o(x)\ < \\(f) o r t - (j>o\\\\f t (x)\ \ < \\<f>oT t - <f>o\\\\x\\. Thus 
the result follows once we note that <fi defined by (f>{x) = <po(xJy,J) is a normal 
state. ■ 

THEOREM 3.5: Let (Ao,T t ,4>o) be a Markov semigroup with a normal in- 
variant state 4>o- Consider the following statements: 

(a) <po{r t (x)T t (y)) -> <f> (x)<f> (y) as t -> oo for all x,y E A . 

(b) the strong lim t ^_ 0O F t ] = |f2 >< Q|. 

(c) ^ = B(H) 

Then (a) and (b) are equivalent statements and in such a case (c) is also 



20 



true. If 0o is also faithful (c) is also equivalent to (a) ( and hence ( b)). 

PROOF: That (a) and (b) are equivalent is nothing but a restatement of 
Theorem 3.9 in [Mol]. That (b) implies (c) is obvious since the projection 
[A'Vl] , where A' is the commutant of A, is the support of the vector state in A. 
We will prove now (c) implies (a). In case A = B(H), we have f] teR A^ = C, 
thus in particular n<<o a t(^o]) = ^ ■ Hence by Theorem 3.3 applied for the 
time-reverse endomorphism we verify that \\<pft — 0o|| ~* as t — > oo. Now (a) 
follows once we appeal to Theorem 3.4 for the adjoint semigroups since f t — r t . 
■ 

THEOREM 3.6: Let (Aq, t u <p ) be as in Theorem 3.1. Then the following 
hold: 

(a) If (Aq., r t , 4>o) is mixing then a t (X) —> <f>(X) as t — > oo for all IeB, where 
B is the C* completion of the * algebra generated by {jt(x) : t E R,x E A }. 

(b) If (^4oj T t, 4>o) is mixing and A is a type-I factor then A = B(TL). 

PROOF: For (a) we refer to [AM, Mol]. By our hypothesis A is a type-I 
von-Neumann factor and thus there exists an irreducible representation ir of B 
in a Hilbert space Ti^ quasi equivalent to ir^. There exists a density matrix p 
on Htt such that <f)(X) = tr(n(X)p) for all X E B. Thus there exists a unitary 
representation t — > U t on Ti^ so that 

U t7 r(X)U; = n(a t (X)) 

for alH E IR and X E B. Since = 4>a t on B we also have U^pU t = p. We 
claim that p is a one dimensional projection. Suppose not and then there exists 
at least two characteristic unit vectors /i, f 2 for p so that fi, f 2 are character- 
istic vector for unitary representation U t . Hence we have < fi,n(X)fi >=< 
fi, n(a t (X))fi > for alH E M and i = 1,2. By taking limit we conclude by (a) 
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that < ft,ir(X)ft >= <f>(X) < ft, ft >= tf>(X) for i = 1,2 for all X G B. This 
violets irreducibility of representation ty. m 

PROPOSITION 3.7: Let (A ,T t ,(/) ) be as in Theorem 3.5 with O as 
faithful. Then the commutant of A[ t is Aq for each t £ JR. 

PROOF: It is obvious that A[o is a subset of the commutant of A b y Note also 
that F[q is an element in A^ which commutes with all the elements in A[q. As 
a first step note that it is good enough if we show that F[ (A b y)' F[ = F[ A[qF[ . 
As for some X G (A b 0] )' and Y G A [0 if we have XF [0 = F [Q XF [0 = F [0 YF [Q = 
YF[o then we verify that XZf = YZf where / is any vector so that F^f = f 
and Z G A^ and thus as such vectors are total in H we get X — Y ). Thus 
all that we need to show that F[ (Aq^)'F[ C F[ ^4[ F[ as inclusion in other 
direction is obvious. We will explore in following the relation that F ]F[ = 
.Fjo-Fo] = F{o} i.e. the projection on the fiber at repeatedly. A simple proof 
follows once we use explicit formulas for F ] and F[ given in [Mol]. 

Now we aim to prove that F[ ^4j F[ C F[ ^4q]-^[o- Let X G F[ A'^ F[ and 
verify that XVI = XF fi = F 0] XF 0] n = F {0} XF {0} n G [j*(A )"n\. On the 
other-hand we note by Markov property of the backward process {jf) that 
F [0 A b 0] F[ = j b {A )". Thus there exists an element Y G A b 0] so that XQ = YQ. 
Hence XZVt = Y ZVt for all Z G A[q as Z commutes with both X and Y. Since 
{ZQ : Z G A[o} spans F[q, we get the required inclusion. Since inclusion in the 
other direction is trivial as F[ G A'^ we conclude that F[ ^4' F[ = F^A^F^. 

F[ being a projection in A^ we verify that F[ (Aq])'F[ C (F[qA^F[ )' and 
so we also have F [0 {A b 0] yF [0 C (F [0 A[ F [0 )' as A b Q] C A\ . Thus it is enough if 
we prove that 

F[oA[ F[o = (F[ A[oF[ y 
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We will verify the non-trivial inclusion for the above equality. Let X e 
(F [0 A [0 F [0 y then Xtt = XF 0] tl = F 0] XF 0] {1 = F {0} XF {0} {1 e \j b (A M Hence 
there exists an element Y e F[ A'^ F[ so that Xil = YQ. Thus for any Z e -4.[ 
we have XZQ = YZQ and thus XF [Q = YF [Q . Hence X = Y e F [0 A[ F [0 . Thus 
we get the required inclusion. 

Now for any value of t G M we recall that a t (A[o) = A[ t and a t (A[o)' = 
a t (A[ ), a t being an automorphism. This completes the proof as cc^^Iq]) = ^t] 
by our construction. ■ 

One interesting problem that we raised in [Mol] whether Kolmogorov's 
property is time reversible i.e. whether F t j — > \Q >< Q| as t — > — oo if and 
only if F[ t — > |Q >< Q| as t — > oo. That it is true in classical case follows 
by Kolmogorov-Sinai-Rohlin theory on dynamical entropy for the associated 
Markov shift [Pa]. In the present general set up, it is true if A® is a type-I von- 
Neumann algebra with centre atomic [Mol]. It is obviously true if the Markov 
semigroup is KMS symmetric. But in general it is false. In the last section we 
will give a class of counter example. This indicates that the quantum counter 
part of Kolmogorov property is unlikely to be captured by a suitable notion of 
quantum dynamical entropy with Kolmogorov-Sinai-Rohlin property. 

4 Inductive limit state and purity: 

Let (£>o,A t , t > 0,if)) be a unital *— endomorphism with an invariant normal 
state ip on a von-Neumann algebra £> acting on a Hilbert space H. Let P 
be the support projection for -0. We set A = PBP, a von-Neumann algebra 
acting on Ho, the closed subspace P, and r t (x) = PX t (PxP)P, for any x E Ao 
and t > 0. Since \t(P) > P, it is simple to verify [Mol] that (Ao,T t ,ifjo) is a 
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quantum dynamical semigroup with a faithful normal invariant state ipo, where 
ipo{ x ) — ip(PxP) for x G Aq. Now we set jo(x) = PxP and jt(x) = X t (jo(x)) 
for t > and x G Aq. A routine verification says that F s ]j t (x)F a ] = j s (T t - s (x)) 
for < s < t, where F s ] = A S (P), s > 0. Let ^4[ be the von- Neumann algebra 
{jt(x) :t>0,xe A }". As in Section 4 we check that Pa t {X)P = r t (PXP) 
for all X G „4[ . However are these vectors {X tn (PX n P)....X tl (PX 1 P)f : / G 
^o,0 < h < t 2 < .. < t k < ..t n ,X u ..,X n G B ,n > 1} total in W As 
an counter example in discrete time we consider an endomorphism on B(H) 
[BJP] with a pure mixing state and note that A is only scalers. Thus the 
cyclic space generated by the process (j t ) on the pure state is itself. Thus 
the problem is rather delicate even when the von-Neumann algebra is the 
algebra of all bounded operators on /C. We will not address this problem 
here. Since \ t (P)\ tn (PX n P)...\ tl (PX P)H = X tn (PX n P)...X tl (PXP)Q for 
t > t n , lim t ^ 00 A t (F) = 1 is a necessary condition for cyclic property. The same 
counter example shows that it is not sufficient. In the following we explore 
the fact the support projection P is indeed an element in the von-Neumann 
algebra A generated by the process (k t (x) : t > 0, x G *4. ) an d asymptotic 
limit of the endomorphism (Bo,X t ,t > 0,ip) is related with that of minimal 
endomorphism (A[o,a t , t > 00). 

In the following we consider a little more general situation. Let £> be a C* 
algebra, (A t : t > 0) be a semigroup of injective endomorphisms and ip be an 
invariant state for (Xt : t > 0). We extend (At) to an automorphism on the C* 
algebra £>_oo of the inductive limit 

B ^ At B ^ B 

and extend also the state ip to £>_oo by requiring (A t ) invariance. Thus there 
exists a directed set ( i.e. indexed by IT , by inclusion B^ s C £>[_ t if and only 
if t > s ) of C*-subalgebras B[ t of B-oo so that the uniform closure of {J s eir B[ s 



24 



is £>[_oo. Moreover there exists an isomorphism 

( we refer [Sa] for general facts on inductive limit of C*-algebras) . It is simple 
to note that i t = X t o i is an isomorphism of £> onto £>[ t and 

on B . Let (Hm 71", ^) be the GNS space associated with (#[_oo, V'l-oo) an d (^t) 
be the unique normal extension to 7r(^_ 00 ) // . Thus the vector state iJ)q(X) =< 
Q,XQ > is an invariant state for automorphism (A t ). As A t (£>[ ) C £>[ for all 
t > 0, (7t(jB[o)", Aj, i > 0,^n) is a quantum dynamics of endomorphisms. Let 
F t ] be the support projection of the normal vector state Q in the von-Neumann 
sub-algebra n(B[ t )". F t ] £ n(B[t)" Q 7r(#[-oo)" is a monotonically decreasing 
sequence of projections as t — > — oo. Let projection Q be the limit. Thus 
Q > [^(^[-oo)'^] > |f2 >< So Q = |fi >< fi| ensures that -0 on £>[_oo is 
pure. We aim to investigate when Q is pure i.e. Q = \Q >< Q\. 

To that end we set von-Neumann algebra Ao = F ]7r(B[o)" F ] an d define 
family {k t : Ao — > ^(B-oo)", £ G iT} of *— homomorphisms by 

k t (x) = X t (F 0] xF 0] ), x e Ao 

It is a routine work to check that (k t : t E IT) is the unique up to isomor- 
phism ( in the cyclic space of the vector Q generated by the von-Neumann 
algebra {k t (x) : t e IT,x e Ao} ) forward weak Markov process associ- 
ated with (Ao,r/t,V ; o) where 77* (x) = F ]a t (F ]a;Fo])F ] for all i > 0. It is 
minimal once restricted to the cyclic space generated by the process. Thus 
Q = \Q >< Q\ when restricted to the cyclic subspace of the process if and only 
if ifj {r]t{x)rit{y)) — > 4>o(x)ipo(y) as t -> 00 for all 6 Ao- 
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PROPOSITION 4.1: Let G 0] be the cyclic subspace of the vector Q gen- 
erated by n(B[o). 

(a) G ] G 7r(#[ )' and the map /i : 7r(#[ )" -> G ]7r( J B[ ) // G ] defined by X — > 
Go]XGo] is an homomorphism and the range is isomorphic to 7ro(i3o)", where 
(7^7r , 7To) is the GNS space associated with (Bq,i/j). 

(b) Identifying the range of h with 7r (£> )" we have 

ho\ t (X)=X t (h(X)) 
for all X G n(B [0 )" and t > 0. 

(c) Let P be the support projection of the state ip in von-Neumann algebra 
7r (B )" and Aq = Pn (B )"P. We set r t (x) = PX t (PxP)P for alU > 0, x G 
A and V>o(z) = tp(PxP) for x G A- Then 

(i) /i(F 0] ) = Pand /i(jV ) = A; 

(ii) % t (x)) = r t (/i(x)) for all t > 0. 

PROOF: The map it(X)£1 — > 7r (X)f2 has an unitary extension which in- 
tertwines the GNS representation (7Yo,7To) with the sub-representation of i3[o 
on the cyclic subspace Go]. Thus (a) follows, (b) is a simple consequence as 
i : £> — > i3[ is a G* isomorphism which covariant with respect to (A t ) for all 
t > i.e Xtio(x) = io(X t (x)) for all x G £> . That h(F ]) = P is simple as /i is 
an isomorphism and thus also a normal map taking support projection F ] of 
the state -0 in tt(B\o)" to support projection P of the state -0 in ir (Bo)". Now 
by homomorphism property of the map h and commuting property with (A t ) 
we also check that h(J\f ) = h{F 0] ir{B [0 )"F 0] ) = Ptxq(Bq)"P = A and 

h( Vt (x)) = h(F 0] )X t (h(F 0] )h(x)h(F 0] )) 



for all t > 0. 



= PX t (Ph{x)P)P = T t (h(x)) 
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THEOREM 4.2: Q is pure if and only if ^o(r t (a;)r t (y)) -> o (^)^o(y) as 
t — > oo for all x,y <E Ao. 

PROOF: For any fix i G IT since = F t] 7r(B [t )"F t] , for any X G B [t 

we have QAf2 = QFqXFqQ = Qk t (x)VL for some x E Aq. Hence Q = 
\Q >< Q\ if and only if Q = \Q >< Q\ on the cyclic subspace generated by 
{k t (x), t G IT,x G A>}- Theorem 3.5 says now that Q = |fi >< Q\ if and only 
if i(jo(r) t (x)r] t (y)) — > ip (x)ipo(y) as t ^ oo for all x G Ao, Since /i is an homomor- 
phism and hr] t (x) = r t (h(x)), we also have h(r) t (x))rj t (y)) = r t (h(x))T t (h(x)) . 
Since </> ° h = ipo we complete the proof. ■ 

COROLLARY 4.3: ip[~oo is a pure state if ^> (T t (x)r t (y)) — > 4 > (x)ip (y) as 
t — > oo for all x,y £ Ao. 

PROOF: It follows by Theorem 4.2 as Q < [n(B hoo )'Q] < |Q >< ■ 

Our analysis above put very little light whether the sufficient condition 
given in Corollary 4.3 is also necessary for purity. We will get to this point in 
next section where we will deal with a class of examples. 

5 Kolmogorov's property and pure transla- 
tion invariant states: 

Let w be a translation invariant state on UHF^ algebra A = ®%M d and cu' 
be the restriction of u> to UHF^ algebra Bq = (g^M^. There is a one to one 
correspondence between a translation invariant state u and A (one sided shift 
) invariant state to' on UHF d algebra ®^vM d . Powers's [Po] criteria easily 
yields that u is a factor state if and only if u' is a factor state. A question 
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that comes naturally here which property of ui 1 is related with the purity of 
u). A systematic account of this question was initiated in [BJKW] inspired by 
initial success of [FNW1,FNW2,BJP] and a sufficient condition is obtained. In 
a recent article [Mo2] this line of investigation was further explored and we 
obtained a necessary and sufficient condition for a translation invariant lattice 
symmetric factor state to be pure and the criteria can be described in terms 
of Popescu elements canonically associated with Cuntz's representation. That 
the state is lattice symmetric played an important role in the duality argument 
used in the proof. 

Here as an application of our general result, we aim now to find one more 
useful criteria for a translation invariant factor state u on a one dimensional 
quantum spin chain ®%M<i to be pure. We also prove that purity of a lattice 
symmetric translation invariant state u is equivalent to Kolmogorov's property 
of a Markov semigroup canonically associated with u>. 

First we recall that the Cuntz algebra Od(d G {2,3, .., }) is the universal 
C*-algebra generated by the elements {s±, s 2) Sd} subject to the relations: 

s* Sj = 5)1 

E s ^ = !■ 

i<i<d 

There is a canonical action of the group U(d) of unitary d x d matrices on 
O d given by 

Pg( s i) = 2 9iSj 
for g — ((gj) € U(d). In particular the gauge action is defined by 

Pz(si) = zsi, z E IT = S 1 = {z E E : \z\ = 1}. 
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If UHFrf is the fixed point subalgebra under the gauge action, then UHF^ is 
the closure of the linear span of all wick ordered monomials of the form 

s il ...s ik s jk ...s jl 

which is also isomorphic to the UHF^ algebra 

M d oo = ®fM d 

so that the isomorphism carries the wick ordered monomial above into the 
matrix element 

4(1) <g> e%{2) <g> .... <g> e%{k) <g> 1 <g> 1.... 
and the restriction of (3 g to UHF d is then carried into action 

Ad(g) <g> Ad(g) <g> Ad(g) ® .... 

We also define the canonical endomorphism A on O d by 

\(x) = S i XS i 
i<i<d 

and the isomorphism carries A restricted to UHF rf into the one-sided shift 

yi <S> yi <S> ■•■ -> 1 <S> yi <S> V2-- 
on ®^M d . Note that X/3 g = (3 g \ on UHF d . 

Let d G {2,3, .., , ..} and 2Z d be a set of d elements. X be the set of finite 
sequences / = (h,i2, ■ ■■,i m ) where ik G 2Z d and m > 1. We also include empty 
set E I and set s = 1 = sg, s 7 = s h s im e O d and s) = s* m ...s* h e O d . 

Let w be a translation invariant state on A = ®%M d where M d is (d x d) 
matrices with complex entries. Identifying ®j^M d with UHFd we find a one to 
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one relation from a A invariant state on UHF^ with that of an one sided shift 
invariant state on Ar = ®]NM d . Let uj' be an A-invariant state on the UHF^ 
sub-algebra of O d . Following [BJKW, section 7], we consider the set 

Kui' — {i> : V 7 is a state on O d such that ip\ = ip and "0|UHF d = u '} 

By taking invariant mean on an extension of uj' to O d , we verify that K u i is non 
empty and K u > is clearly convex and compact in the weak topology. In case 
uj' is an ergodic state ( extremal state ) K w > is a face in the A invariant states. 
Before we recall Proposition 7.4 of [BJKW] in the following proposition. 

PROPOSITION 5.1: Let uj' be ergodic. Then tp G is an extremal point 
in K u i if and only if uj is a factor state and moreover any other extremal point 
in K w > have the form ip(3 z for some z G IT. 

We fix any uj G K w i point and consider the associated Popescu system 
(/C, j\4, Vk, fl) described as in Proposition 2.4. A simple application of Theorem 
3.6 in [Mo2] says that the inductive limit state u)-od on the inductive limit 
(O d ,uj) ^ x (O d ,uj) ^ x (O d ,uj) is pure if M r n(x)r n (y)) -> o (^)0o(y) for all 
j,j/6 M asn^oo. This criteria is of limited use in determining purity of uj 
unless we have ^(UHF^)" = n^(Od)"- We prove a more powerful criteria in 
the next section, complementing a necessary and sufficient condition obtained 
by [Mo2], for a translation invariant factor state uj to be pure. 

To that end note that the von-Neumann algebra {SiSj : \I\ — \J\ < oo}" 
acts on the cyclic subspace of 7i n . generated by the vector Q. This is iso- 
morphic with the GNS representation associated with (£> ,u/). The inductive 
limit (£>_oo, uj -oo) [Sa] described as in Proposition 3.6 in [Mo2] associated with 
(£>o, A n , n > 0,uj') is UHF rf algebra ®^M d and the inductive limit state is uj. 

Let Q be the support projection of the state uj in 7r (£>o)" and Aq = 
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QniBoYQ- Since ^n(A(X)) = M*) all X G tt^UHF^)", A(Q) G 
7r^(UHF d )" and A(Q) > Q [Mol]. Thus QA(I - Q)Q = and we have 
(I - Q)S* k Q = for all 1 < k < d. The reduced Markov map rj : A — > A is 
defined by 

7/(x) = QA(QxQ)Q (5.1) 
for all x G -4o which admits a faithful normal state 0o defined by 

M x )=MQxQ), xeA (5.2) 

In particular, A n (Q) j 7 as n — > oo. Hence {5// : |/| < oo, Q/ = /, / G 
7^-} is total in Ti^. 

We set Ik = QSkQ, where Ik need not be an element in Aq. However 
III j G Ao provided |/| = \J\ < oo. Nevertheless we have QQ = Q and thus 
verify that 

uj(s lS j) =< Q, SjSjQ > 
< Q, QSjS^Qn >=< Q, kFjVL > 
for all 1 1\, | J | < oo. In particular we have 

for all 1 1\ = | J | < oo. 

For each n > 1 we note that {Srfj : |/| = \J\ < n}" C 
A n (7r ( ,(UHF d )") , n^(UHF d )" and thus tt^UHF,)" C (f| n >i An(^(UHF d )") / . 
Hence 

H A^vr^UHF,)") C (UHF rf )" f] ir& (UHF d )'. (5.3) 

n>l 

Now by Proposition 1.1 in [Ar, see also Mo2] ||-i/;A n — ipn\\ — > as n — > oo 
for any normal state ^ on ^(UHF^)" if u/ is a factor state. Thus we have 
arrived at the following well-known result of R. T. Powers [Powl,BR]. 
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THEOREM 5.2: Let uj' be a A invariant state on UHF d Then the 

following statements are equivalent: 

(a) uj' is a factor state; 

(b) For any normal state if) on Ao, \\iftr] n — ipo\ \ as n — > oo; 

(c) For any x G UHF d ®mM d 

^V\\ y \\<iW{x\ n {y)) - uj'(x)uj'(y)\ -> 

as n — > oo; 

(d) u/(xA n (y)) — > uj'(x)uj'(y) as n — > oo for all x,y E UHF^ ® w M d ; 

PROOF: For any normal state -0 on „4 we note that ipp(X) = ifj(PXP) is 
a normal state on 7Ta(UHF d )" and — "0o|| < H^P^n — Vtoll- Thus by the 

above argument (a) implies (b). That (c) implies (d) and (d) implies (a) are 
obvious. We will prove that (b) implies (c). Note that for (c) it is good enough 
if we verify for all non-negative x G UHF d with finite support and uj'(x) = 1. 
In such a case for large values of n the map 7r&(y) — > uj'(x\ n (y)) determines a 
normal state on 7r&(UHFd)". Hence (c) follows whenever (b) hold. ■ 

COROLLARY 5.3: Let wbea translation invariant state on UHF d ®%M d . 
Then the following are equivalent: 

(a) a; is a factor state; 

(b) uj(x\ n (y)) — > uj{x)uj{y) as n — > oo for all x,y & UHF d ®%M d \ 

PROOF: First we recall uj is a factor state if and only if uj is an extremal point 
in the translation invariant state i.e. uj is an ergodic state for the translation 
map. Since the cluster property (b) implies ergodicity, (a) follows. For the 
converse note that uj is a ergodic state for the translation map if and only if 
uj' is ergodic for A on UHF d <g>wM d . Hence by Theorem 3.2 we conclude that 
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statement (b) hold for any local elements x, y G UHF^ ®%M d . Now we use 
the fact that local elements are dense in the C* norm to complete the proof. ■ 

PROPOSITION 5.4: Let u be a translation invariant extremal state on A 
and ip be an extremal point in K w . Then following hold: 

(a) H = {z G S 1 : ipp z = i>} is a closed subgroup of S 1 and Tr(O d )"^ H = 
7r(UHF d )". Furthermore we have Dn>i h- n (ir(O d )") = n(O d )" f] 7r(UHF d )'; 

(b) If H = S 1 then n(O d )" f| 7r(UHF d )' = E; 

(c) Let (TC,n,fl) be the GNS representation of (O d ,ip) and P be the support 
projection of the state ip in 7r(O d )". Then P G ^(UHF^)" is also the support 
projection of the state i/j in n(XJHF d )"; 

PROOF: First part of (a) is noting but a restatement of Proposition 2.5 
in [Mo2] modulo the factor property of n(XJHF d )". For a proof of the factor 
property we refer to Lemma 7.11 in [BJKW] modulo a modification described 
in Proposition 3.2 in [Mo2]. 

We aim now to show that H„>i A n (7r(C d )") = n(O d )" f] 7r(UHF d )'. It is 
obvious by Cuntz relation that n„>i A n (7r(C d )") C n{O d )" f] 7r(UHF d )'. For 
the converse let X G ir(O d )" fl 7r(UHF d )' and fix any n > 1 and set Y n = Sf XSj 
with |/| = n. Since X G 7r(UHF d )' we verify that SfXSj = S^XSjS^Sj = 
S^SjS^XSj = S*jXSj for any \J\ = n. Thus Y n is independent of the multi- 
index that we choose. Once gain as X G 7r(UHFrf)' we also check that A n (Y n ) = 
Ej-^SjSfXSjS} = X. Hence X G f\>i A n (?r( 0,)"). 

Now 7r(UHFd)" being a factor, a general result in [BJKW, Lemma 7.12] says 
that Tr(O d )" H it(O d )' is a commutative von-Neumann algebra generated by an 
unitary operator u so that j3 z {u) = j(z)u for all z G H and some character 7 of 
iP Furthermore there exists a z 6 so that (3 Zo (x) = uxu* for all x G ir(O d )". 
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Thus we also have f3 Zo {u) = u = ^(z )u. So we have j(zo) — 1. H being S 1 the 
character can be written as 7(2) = z k all z G H and for some k > 1. Hence 
u k x(u k )* = (3 z k(x) = x. ir(O d )" being a factor -u fc is a scaler. By multiplying a 
proper factor we can choose an unitary u G n(Od)" fl ^(UHF rf )' so that w fc = 1. 
However we also check that for all z G S 1 we have (3 z (u k ) = j(z) k u k i.e. 
7(z) fe = 1 for all 2 G S 1 as w fe = 1. Hence j(z) = 1 for all z G S 11 . Thus 
P z (u) = u for all z £ S 1 and it is scaler as u is also an element in ^(UHF^)" by 
the first part. n(XJHF d )" being a factor we conclude that u is a scaler. Hence 
7i"i/ ) (C , d) // ri7r(UHF rf ) / is trivial. This completes the proof of (b). 

It is obvious that (5 Z {P) = P for all z G H and thus by (a) P G 7r(UHF rf )" 
and thus also the support projection in 7r(UHF d )" of the state if), (c) is a simple 
consequence of (a) and Corollary 4.3. ■ 

THEOREM 5.4: Let u> be a translation invariant state on UHF^ ®^M d 
and P be the support projection of ip G fCy in ir(Od)"- Further let Aq be the 
von-Neumann algebra F7r(UHF rf )"F acting on the subspace P and completely 
positive map r : ^4 - >■ ^0 defined by r(x) = PA(PxP)P, i.e. r(x) = J2k hxl* k 
be the completely positive map on Ao where Ik = Pn(sk)P for all 1 < k < d. 
Then the following hold: 

(a) If o (r n (x)r n (2/)) — > 4>o(x)4>o(y) as n — > 00 for all x,y E Ao then o> is pure; 

(b) If H = S 1 then | \(j)T n — cf>o\ \ — > as n — > 00 for any normal state on 

PROOF: (a) follows by an easy application of Corollary 4.3. For a proof for 
(b) we appeal to [Ar, Proposition 1.1] and the last statement in Proposition 
5.3 (a). ■ 

By a duality argument, Theorem 3.4 in [Mo2], \\ipr) n — ipo\ \ — > as n — > 00 
for any normal state ij) if and only if \ip (fj n (x)f] n (y)) — > '0o( a; )' i / ; o(?/)| as n ^ 
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oo for any x, y G Ao, where (Ao,fj,4>o) the KMS-adjoint Markov semigroup 
[OP,AcM,Mol] of (Ao,v,(h)- 

We recall the unique KMS state ip = ipp on Od where j3 = ln(d) is a 
factor state and ipp G K w where u>' is the unique trace on UHF rf . For a proof 
that H = S 1 for ipp we refer to [BR], uj is the unique trace on A and so is 
a factor state. Hence by Proposition 5.4 (d) we have n^(Od)" f] 7ty(UHFd)' is 
trivial. Thus fln>i ^M°d)") = In particular f] n >i A n (7ty(UHF d )") = E. 
On the other hand ipp being faithful, the support projection is the identity 
operator and thus canonical Markov semigroup r is equal to A. A being an 
endomorphism and ipp being faithful, we easily verify that r does not admit 
Kolmogorov property. On the other hand H = S 1 and so by Proposition 5.4 (d) 
| \<pr n — 0o 1 1 ~~ as n — > oo for any normal state <p on A®. This example unlike 
in the classical case shows that Kolmogorov's property of a non-commutative 
dynamical system in general is not time reversible. 
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